Let Z and Z + be the set of integers and the set of positive integers, respectively. For a, b, c, d, n ∈ Z + let t(a, b, c, d; n) be the number of representations of n by ax(x + 1)/2 + by(y + 1)/2 + cz(z + 1)/2 + dw(w + 1)/2 (x, y, z, w ∈ Z). In this paper, by using Ramanujan's theta functions ϕ(q) and ψ(q) we present some formulas and conjectures on t(a, b, c, d; n).
Introduction
Let Z, Z + and N be the set of integers, the set of positive integers and the set of nonnegative integers, respectively, and let Z k = Z × Z × · · · × Z k times . For a 1 , a 2 , . . . , a k ∈ Z + (k ≥ 2) and n ∈ N set N (a 1 , a 2 , . . . , a k ; n) = {(x 1 , . . . , x k ) ∈ Z k | n = a 1 x 2 1 + a 2 x 2 2 + · · · + a k x 2 k } , t(a 1 , a 2 , . . . , a k ; n) = (x 1 , . . . , x k ) ∈ Z k n = a 1 x 1 (x 1 − 1) 2 + a 2 x 2 (x 2 − 1) 2 + · · · + a k x k (x k − 1) 2 and C(a 1 , . . . , a k ) = i 1 (i 1 − 1)(i 1 − 2)(i 1 − 3) 4! + i 1 (i 1 − 1)i 2 2 + i 1 i 3 , where i j denotes the number of elements in {a 1 , . . . , a k } which are equal to j. For convenience we also define t(a 1 , a 2 , . . . , a k ; n) = N (a 1 , a 2 , . . . , a k ; n) = 0 for n ∈ N.
In 2005 Adiga, Cooper and Han [ACH] showed that (1.1) t(a 1 , a 2 , . . . , a k ; n) = 2 2 + C(a 1 , . . . , a k ) N (a 1 , . . . , a k ; 8n + a 1 + · · · + a k ) for a 1 + · · · + a k ≤ 7.
In 2008 Baruah, Cooper and Hirschhorn [BCH] proved that (1.2) t(a 1 , a 2 , . . . , a k ; n) = 2 2 + C(a 1 , . . . , a k ) (N (a 1 , . . . , a k ; 8n + 8) − N (a 1 , . . . , a k ; 2n + 2))
for a 1 + · · · + a k = 8.
Ramanujan's theta functions ϕ(q) and ψ(q) are defined by
q n 2 and ψ(q) = ∞ n=0 q n(n+1)/2 (|q| < 1).
It is evident that for positive integers a 1 , . . . , a k and |q| < 1,
N (a 1 , . . . , a k ; n)q n = ϕ(q a 1 ) · · · ϕ(q a k ), (1.3)
t(a 1 , . . . , a k ; n)q n = 2 k ψ(q a 1 ) · · · ψ(q a k ). (1.4)
There are many identities involving ϕ(q) and ψ(q). From [BCH, Lemma 4 .1] or [Be] we know that for |q| < 1, ψ(q) 2 = ϕ(q)ψ(q 2 ), (1.5) ϕ(q) = ϕ(q 4 ) + 2qψ(q 8 Let a, b, c, d, n ∈ Z + . From 1859 to 1866 Liouville made about 90 conjectures on N (a, b, c, d; n) in a series of papers. Most conjectures of Liouville have been proved. See Cooper's survey paper [C] , Dickson's historical comments [D] and Williams' book [W] . Recently, the author and Wang (see [S1, S3, WS2] ) revealed new connections between t (a, b, c, d; n) and N (a, b, c, d; 8n + a + b + c + d). They do not need assuming a + b + c + d ≤ 8. More recently Yao [Y] and Xia and Zhong [XZ] confirmed some conjectures posed by the author in [S1] . We also note that the evaluations of t(a, b, c, d; n) (a+b+c+d ≥ 8) have been given for some special values of (a, b, c, d) . In [C] Cooper determined t(a, b, c, d; n) for (a, b, c, d) = (1, 3, 3, 3), (1, 2, 2, 3), (1, 3, 6, 6) , (1, 3, 4, 4) , (1, 1, 2, 6), (1, 3, 12, 12) , in [WS1] Wang and Sun determined t(a, b, c, d; n) for (a, b, c, d) = (1, 2, 2, 4), (1, 2, 4, 4) , (1, 1, 4, 4) , (1, 4, 4, 4) , (1, 3, 3, 9) , (1, 1, 9, 9), (1, 9, 9, 9), (1, 1, 1, 9), (1, 3, 9, 9), (1, 1, 3, 9) , in [WS2] Wang and Sun determined t(a, b, c, d; n) for (a, b, c, d) = (1, 1, 2, 8), (1, 1, 2, 16), (1, 2, 3, 6) , (1, 3, 4, 12) , (1, 1, 3, 4) , (1, 1, 5, 5) , (1, 5, 5, 5) , (1, 3, 3, 12) , (1, 1, 1, 12) , (1, 1, 3, 12) , (1, 3, 3, 4) , in [S1] Sun determined t(a, b, c, d; n) for (a, b, c, d) = (1, 3, 3, 6) , (1, 1, 8, 8) , (1, 1, 4, 8) .
In this paper, using theta function identities we establish new general results for t (a, b, c, d; n) . Let a, b, n ∈ Z + and k ∈ N. We show that for odd integers a and b, t(a, 2a, 2a, 4k + 2; n) = 1 2 N (a, a, 4a, 4k + 2; 8n + 5a + 4k + 2),
We also show that if 3 ∤ a, 3 | b, b ≡ 0, 3a (mod 4) and n ≡ a (mod 3), then
In addition, we obtain the formula for t(2, 3, 3, 8; n) and partial results for t(2, 3, 3, 4; n), t(2, 3, 3, 12; n), t(2, 3, 3, 24; n), t(2, 3, 3, 36; n), t(1, 1, 6, 8; n), t(1, 1, 6, 12; n), t(1, 1, 6, 24; n) t(1, 4, 7, 8; n), t(1, 4, 8, 15; n), t(3, 5, 12, 24; n) and t(3, 5, 20, 40; n) under certain congruence conditions. Based on calculations with Maple, we pose many challenging conjectures on t(a, b, c, d; n).
2. Formulas for t(a, 2a, 2a, 4k + 2; n), t(2a, 2a, 3a, b; n), t(a, 3a, b, 3b; n) and t(a, 4a, 4a, b; n)
In this section we present several general formulas for t (a, b, c, d; n) , which were found by calculations on Maple and proved by using Ramanujan's theta functions. . Theorem 2.1. Let a, n ∈ Z + , k ∈ N and 2 ∤ a. Then t(a, 2a, 2a, 4k + 2; n) = 1 2 N (a, a, 4a, 4k + 2; 8n + 5a + 4k + 2).
Proof. By (1.6) and (1.9),
Collecting the terms of the form q 8n+5a+4k+2 we get
N (a, a, 4a, 4k + 2; 8n + 5a + 4k + 2)q
Hence the result follows.
Theorem 2.2. Let a, b ∈ Z + with 2 ∤ ab and 4 | a + b. For n ∈ Z + we have t(2a, 2a, 3a, b; n) = t(a, 3a, 16a, 4b; 4n + a) = 1 3 N (a, 3a, 16a, 4b; 8n + 20a + 4b).
Proof. By (1.6) and (1.8),
Thus,
Collecting the terms of the form q 4n+a yields
and so
Hence t(a, 3a, 16a, 4b; 4n + a) = t(2a, 2a, 3a, b; n).
Collecting the terms of the form q 8n yields
This yields
This yields N (a, 3a, 16a, 4b; 32n + 28a + b) = 3t(2a, 2a, 3a, b; n).
Putting all the above together proves the theorem.
Proof. Clearly,
Therefore,
On the other hand,
Collecting the terms of the form q 4n+2 yields for a ≡ −b (mod 4),
Similarly, for a ≡ b (mod 4) we have
t(a, 3a, b, 3b; 2n + 1)q n and so t(a, 3a, b, 3b; 2n + 1) = 4N (a, 3a, b, 3b; 4n + 2 + a + b). This completes the proof.
For n ∈ {0, 1, 2, . . .} let
Theorem 2.4. For n ∈ Z + we have t(1, 4, 4; n) − 1 2 N (1, 4, 4; 8n + 9)
Proof. Since
we see that
It then follows that
Combining (2.6) with (2.7) gives r 3 (8n + 9) = 3N (1, 4, 4; 8n + 9). Now putting all the above together proves the theorem. Corollary 2.1. Let n ∈ Z + with n ≡ 1 (mod 3). Then t(1, 4, 4; n) = 1 2 N (1, 4, 4; 8n + 9).
For a, b ∈ Z + let (a, b) be the greatest common divisor of a and b. For an odd prime p and a ∈ Z let ( Proof. Suppose 8n + 9a + b = ax 2 + 4ay 2 + 4az 2 + 4bw 2 for some x, y, z, w ∈ Z. Then ax 2 ≡ 9a + b ≡ a + b (mod 4) and so b ≡ a(x 2 − 1) ≡ 0, −a (mod 4). But, b ≡ 0, −a (mod 4). Hence, N (a, 4a, 4a, 4b; 8n + 9a + b) = 0. Now the result follows from Theorem 2.5.
Corollary 2.3. Suppose m, n ∈ Z + , m ≡ 1, 2 (mod 4) and n ≡ 1, 3 (mod 5). Then t(1, 4, 4, 5m; n) = 1 2 N (1, 4, 4, 5m; 8n + 5m + 9).
3. Formulas for t(2, 3, 3, 4b; n)
In this section we give the formula for t(2, 3, 3, 8; n) and partial results for t(2, 3, 3, 4; n), t(2, 3, 3, 12; n), t(2, 3, 3, 24; n) and t(2, 3, 3, 36; n). Lemma 3.1. Let a, b ∈ Z + with 2 ∤ a. For any n ∈ Z + we have
Moreover, for even b we have
Proof. By (1.5), (1.6) and (1.8),
Substituting q with q 1/4 and applying (1.5) gives (3.1)-(3.4). From (3.1) and (1.6) we see that for even b,
Replacing q with q 1/2 yields (3.5) and (3.6). Lemma 3.2. Let a, b ∈ Z + with 2 ∤ a. Then
Proof. By (1.6) and (1.7),
Replacing q with q 1/4 yields the result. t(2, 2, 3, 3; n)q n .
Thus,
t(2, 3, 3, 8; 8n + 12) = 4t(1, 1, 6, 6; n), (3.11) t(2, 3, 3, 8; 4n + 5) = 2t(1, 1, 6, 6; n), (3.12) t(2, 3, 3, 8; 4n + 2) = t(1, 1, 3, 3; n), (3.13) t(2, 3, 3, 8; 4n + 3) = 2t(2, 2, 3, 3; n). (3.14)
By [WS, Lemma 4.1], if n + 1 = 2 α 3 β n 1 with (6, n 1 ) = 1, then t(1, 1, 3, 3; n) = 2 α+4 σ(n 1 ). On the other hand, from (3.8) and (1.5) we see that
This yields (3.15) t(2, 2, 3, 3; n) = 2N (2, 3, 3, 8; 4n + 5).
Combining (3.14) with (3.15) yields t(2, 3, 3, 8; 4n + 3) = 4N (2, 3, 3, 8; 4n + 5) . By (1.9) and (1.12), 
This together with (3.5) yields t(2, 3, 3, 8; 8n) = 8N (2, 3, 3, 8; 8n + 2). Combining the above proves the theorem. Theorem 3.2. For n ∈ Z + we have t(2, 3, 3, 4; n) = 2N (2, 3, 3, 4; 2n + 3) for n ≡ 2, 3 (mod 4), t(2, 3, 3, 36; n) = 2N (2, 3, 3, 36; 2n + 11) for n ≡ 2, 3 (mod 4), t(2, 3, 3, 12; n) = 2N (2, 3, 3, 12; 2n + 5) for n ≡ 0, 1 (mod 4), t(2, 3, 3, 24; n) = 4N (2, 3, 3, 24; 2n + 8) for n ≡ 2 (mod 4).
Proof. By (1.6) and (1.9), Replacing q with q 1/8 yields
Hence applying (3.4) we see that N (2, 3, 3, 4; 8n + 9) = 1 2 t(2, 3, 3, 4; 4n + 3) = t(1, 2, 3, 3; n).
This together with (3.3) yields t(2, 3, 3, 4; 4n + 2) = 2N (2, 3, 3, 4; 8n + 7). Therefore t(2, 3, 3, 4; n) = 2N (2, 3, 3, 4; 2n + 3) for n ≡ 2, 3 (mod 4). The remaining results can be proved similarly.
Formulas for t(1, 1, 6, 4b; n)
In this section we present partial results for t(1, 1, 6, 8; n), t(1, 1, 6, 12; n) and t(1, 1, 6, 24; n). Lemma 4.1. Let b ∈ Z + . Then
Proof. By (1.8), (1.9) and (1.11),
Replacing q with q 1/4 yields (4.1) and (4.2). Also, (4.6)
Now assume 2 | b. By (1.9) and (4.1),
Substituting q with q 1/2 yields (4.3) and (4.5). By (4.6),
which yields (4.4). So the lemma is proved. Theorem 4.1. For n ∈ Z + we have t(1, 1, 6, 24; n) = 2t(1, 1, 6, 6; (n − 3)/4) = 4N (1, 1, 6, 24; n + 4) if 4 | n − 3, 8N (1, 1, 6, 24; n + 4) if 8 | n − 2, t(1, 1, 6, 8; n) = 4N (1, 1, 6, 8; 2n + 4) for n ≡ 0 (mod 4), t(1, 1, 6, 12; n) = 2N (1, 1, 6, 12; 2n + 5) for n ≡ 0, 3 (mod 4).
Proof. By (1.9) and (1.10),
This together with (4.2) (with b = 6) gives t(1, 1, 6, 24; 4n + 3) = 2t(1, 1, 6, 6; n) = 4N (1, 1, 6, 24; 4n + 7).
By (1.9) and (1.12), , 1, 6, 24; 8n + 6) 
By (4.4),
Hence t(1, 1, 6, 24; 8n + 2) = 8N (1, 1, 6, 24; 8n + 6) . By (1.9) and (1.12),
By (4.1),
Thus, t(1, 1, 6, 8; 4n) = 4N (1, 1, 6, 8; 8n + 4) . By (1.9) and (1.12),
and ∞ n=0 N (1, 1, 6, 12; 8n + 5)q
Now applying (4.1) and (4.2) yields t(1, 1, 6, 12; 4n) = 2N (1, 1, 6, 12; 8n + 5), t(1, 1, 6, 12; 4n + 3) = 2N (1, 1, 6, 12; 8n + 11).
The proof is now complete.
5. Formulas for t (1, 4, 7, 8; n), t(1, 4, 8, 15; n), t(3, 5, 12, 24; n) and t(3, 5, 20, 40; n) In this section, using identities for ψ(q)ψ(q 7 ), ψ(q 3 )ψ(q 5 ) and ψ(q)ψ(q 15 ) we obtain partial results for t (1, 4, 7, 8; n), t(1, 4, 8, 15; n), t(3, 5, 12, 24; n) and t(3, 5, 20, 40; n) . Theorem 5.1. For n ∈ Z + with n ≡ 3 (mod 4) we have t(1, 4, 7, 8; n) = t(1, 1, 2, 7; (n − 3)/4) = 2N (1, 4, 7, 8; 2n + 5) .
Proof. By [Be, p.315 ],
Combining (5.1) with (5.2) gives
Hence t(1, 4, 7, 8; 4n + 3) = t(1, 1, 2, 7; n). On the other hand,
Therefore t(1, 4, 7, 8; 4n + 3) = 2N (1, 4, 7, 8; 8n + 11) as claimed.
Lemma 5.1 ([S4, Lemma 6.2]). For |q| < 1 we have
Using Lemma 5.1 one can similarly prove the following Theorem. Theorem 5.2. Let n ∈ Z + Then t(1, 4, 8, 15; n) = 2N (1, 4, 8, 15; 2n + 7) for n ≡ 2 (mod 4), t(3, 5, 12, 24; n) = 2N (3, 5, 12, 24; 2n + 11) for n ≡ 3 (mod 4), t(3, 5, 20, 40; n) = 2N (3, 5, 20, 40; 2n + 17) for n ≡ 3 (mod 4).
Conjectures on t(a, b, c, d; n)
By doing calculations on Maple, we pose the following conjectures. Conjecture 6.1. Suppose n ∈ Z + . Then t(1, 3, 5, 15; n) = 8N (1, 3, 5, 15; n + 3) for n ≡ 3 (mod 4), t(1, 3, 7, 21; n) = 8N (1, 3, 7, 21; n + 4) for n ≡ 2 (mod 4), t(1, 3, 9, 27; n) = 16 13 N (1, 3, 9, 27; 2n + 10) for n ≡ 7 (mod 8).
We remark that Dongxi Ye informed the author he proved the formula for t(1, 3, 5, 15; n) and t(1, 3, 7, 21; n) by using theta function identities and weight 2 modular forms.
Conjecture 6.2. For n ∈ Z + we have t(1, 1, 6, 24; n) = 4 3 N (1, 1, 6, 24; 2n + 8) for n ≡ 0 (mod 8),
t(1, 1, 6, 16; n) = N (1, 1, 6, 16; 2n + 6) if n ≡ 2 (mod 8) ,   4N (1, 1, 6, 16; 2n + 6) if n ≡ 4 (mod 8).
Conjecture 6.3. Let n ∈ Z + . Then t(1, 2, 3, 10; n) Conjecture 6.11. Let n ∈ Z + . Then t(1, 3, 20, 48; n) = 1 3 N (1, 3, 20, 48; 8n + 72) for n ≡ 0 (mod 4), t(3, 3, 4, 18; n) = 2N (3, 3, 4, 18; 2n + 7) for n ≡ 0, 1 (mod 4), t(1, 6, 9, 12; n) = 2N (1, 6, 9, 12; 2n + 7) for n ≡ 2, 3 (mod 4).
Conjecture 6.12. Let n ∈ Z + with n ≡ 2, 4 (mod 8). Then t(1, 3, 8, 12; n) = 4N (1, 3, 8, 12 ; n + 3).
